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Abstract

In this paperwe develop a filter designframework emphasizing
featurepreservation. We are particularly interestedin multiscale
filters thatcanbeusedin wavelettransformsfor largedatasetsgen-
eratedby computationalfluid dynamicssimulations.High-fidelity
wavelettransformscanfacilitatethevisualizationof largescientific
datasets. However, it is important that salientcharacteristicsof
theoriginal featuresbepreservedunderthetransformation.Ouref-
fort is differentfrom classicalfilter designapproacheswhich focus
solely on performancein the frequency domain. In particular, we
presentasetof filter designaxiomsthatensurecertainfeaturechar-
acteristicsarepreservedandthat theresultingfilter correspondsto
a wavelet transformadmitting in-placeimplementation. We also
demonstratehow the axiomscanbe usedto designlinear feature-
centricfilters that areoptimal in the sensethat they areclosestin���

to theideallow passfilter. Resultsareincludedthatdemonstrate
thefeature-preservationcharacteristicsof eachfilter.
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1 Introduction

Large-scalecomputationalfluid dynamicssimulationsof physi-
cal phenomenaproducedataof unprecedentedsize (terabyteand
petabyterange). Unfortunately, developmentof appropriatedata
managementandvisualizationtechniqueshasnot kept pacewith
thegrowth in sizeandcomplexity of suchdatasets.Oneparadigm
of large-scalevisualizationis to browseregionscontainingsignifi-
cantfeaturesof thedatasetwhile accessingonly thedataneededto
reconstructtheseregions. The cornerstoneof an approachof this
type is a representationalschemethat facilitatesranked accessto
macroscopicfeaturesin thedataset[11, 12,15]. In thisapproach,a
feature-detectionalgorithmis usedto identifyandrankcontextually
significantfeaturesdirectly in thewaveletdomain.

In [11, 12, 15], thelinear lifting scheme[18] wasusedfor com-
pressingcomponentsof a vector field. The work reportedhere
grew out of our efforts to analyzethe implementationof the lift-
ing schemeanddesignnew transformsthatmoreardentlypreserve
featuresin discreteflow fields. The rate-distortioncharacteristics
of many wavelet transformsdo not bodewell for featurepreserva-
tion [15]. However, it wasunclearasto whatdistortionsthewavelet
transformwrought on the data. It is thereforeuseful to evaluate
theeffect of thewavelet transformin termsof processesthatalter
the “shape”of the data,i.e., features.Additionally, for very large
datasetsit is necessarythatthefeaturedetectionbeperformedin the�
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compresseddomain.In this context, it is essentialthat thewavelet
transformpreserve significantfeaturesin thedataset.

It is well known that wavelets can efficiently approximate
smoothdata[5] and produceefficient compressionschemes.To
suitably preserve edgesin scalarimagefields, several linear and
non-linearor data-dependentschemeshave beenproposed[13, 6,
7, 4]. In particular, Zhou[24] utilizesEssentiallyNon-Oscillatory
(ENO) reconstructions[9] of thedatasothatfewer high frequency
coefficientsarecreated.

Techniquesemployed in the study of partial differential equa-
tions(PDEs)havebeenextensively utilized to definethemultiscale
behavior of featuredetectionalgorithms[1, 10, 16, 22] for images.
Typically, thetime variablein anevolutionaryPDEis takento rep-
resenta scaleparameter. In vision andimageprocessingapplica-
tions,edgescanbethoughtof asdiscontinuities.Thesetechniques
areusedto enhanceinterregion boundariesandsmoothintraregion
variations. It shouldbenotedthat linearPDEsarenot completely
successfulin enhancingboundarieswhile eliminatingnoise. Dis-
cretemodelsof thediffusionequationwith anonlinearconductance
basedongradientinformationhaveprovento beparticularlyuseful
for theseapplications[16, 22].

In this paperwe definea framework for theanalysisanddesign
of of multiscalefeature-centricfilters througha variationalchar-
acterizationanda multiscalePDEformulation.Giventheneedfor
efficientcompressionandprocessing,weconsideronly lineartrans-
forms at this time. What is uniqueaboutour approachis that we
designthebehavior of thefilter in thespatialdomainby appealing
to theanalysisof anevolutionarypartialdifferentialequation.We
suggestthatthemethodsproposedherecanbeusedin conjunction
with frequency-basedmethodsto designmultiscalelinearwavelet
filters. A resultof our three-foldcharacterizationis a setof axioms
thatcanbeusedto analyzeanddesignfilters. Filtersthatsatisfyour
axiomswill bemorelikely to preserve featuresin a linearwavelet
spaceandenablehigh-fidelity featuredetectionin large scientific
datasets.Additionally, we seekto designfilters correspondingto
waveletsthatcanbeimplementedasasequenceof lifting steps[18].

Our axiomaticfilter designresemblesthe work of Weickert et
al. [22] aswell asthatof Alvarezet al. [2]. Althoughtheseefforts
yield similar setsof axioms,their frameworks aredifferentsince
the domainof interestis limited to imagespopulatedwith strong
discontinuitiessuchasedges.In our application,however, not all
regionsof stronggradientscorrespondto discontinuities. In fact,
featureswith stronggradientssuchasexpansionsandboundarylay-
ersshouldnot betreatedasdiscontinuities.

Our paperis structuredasfollows. We first motivateour effort
by consideringa simple problemfrom fluid dynamicsthat illus-
tratesthe effectsof applyinga standardwavelet transformto the
data.Thenweconsiderthegenerallinearfilter anddescribeits evo-
lutionaryPDE.We alsoincludeananalysisthatdefinesconstraints
to beplacedonthefilter coefficientsto ensurethatnew extremaare
not created.Next, we formalizeour ideasregardingfeaturepreser-
vation. We thenpresenta setof filter designaxioms. Using these



axioms,we designlinear feature-centricfilters that areoptimal in
thesense� thatthey areclosestin

� �
to theideallow passfilter. Re-

sultsareincludedthatdemonstratethefeature-preservationcharac-
teristicsof eachfilter. We stressthatour currentefforts shouldbe
consideredasa “work in progress.”

2 Motivation

We now provide a simpleone-dimensionalexamplefrom fluid dy-
namicsto providemotivationfor this effort. Shown in Figure1 is a
schematicof theshocktubeproblem.A shocktubecanbeidealized
asa cylinder, closedat bothends,with a diaphragmthatseparates
a region of gason the left with pressureanddensitygiven by ��
and �� respectively, from a region of gason theright with pressure
anddensitygivenby ��� and ��� . Note that � �� ��� and ��� and � 
mustbespecified.Initially, thegasis a restin bothregions.Thedi-
aphragmis thenrupturedinstantaneouslyandan unsteadymotion
ensues.In a typical situation,four uniform regionsandonetran-
sitional region emerge. A normalshockwave propagatingto the
right definestheboundarybetweenuniform Regions1 and2. The
flow field propertiesexhibit a nonisentropic,discontinuouschange
acrossthemoving normalshock. TheboundarybetweenRegions
2 and3 is a contactdiscontinuity. Densityandtemperaturechange
discontinuouslyacrossthecontactdiscontinuitywhile pressureand
velocity areunchanged.Region 3 is alsoa uniform region. Region
3 andthe uniform Region 4 areseparatedby an expansionfan in
which the flow field propertiesvary isentropically. Analytical ex-
pressionscanbeusedto definethepropertiesin eachregion under
theassumptionof one-dimensionalinviscidflow. A morecomplete
descriptionof thisproblemcanbefoundin mostcompressiblefluid
dynamicstextbooks(e.g.,see[3]).
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Figure1: One-DimensionalShockTube

Assumingwe have a solution to the shock tube problem de-
scribedabove,we now wantto visualizethedata.In this case,it is
notparticularlychallengingto locatethefeaturesin theflow field at
a giventime. However, for thesake of illustration,we assumethat
thedatasetis largeandthatwewantto usearepresentationscheme
thatfacilitatesrankedaccessto featuresin thedatasetasdiscussed
in theintroduction.As notedabove,a significantcomponentof the
processis afeaturedetectionperformedusingthecompresseddata.
We chooseasour wavelet transformthelinearlifting scheme[18].

Figure2 shows a sequenceof figuresillustrating theeffectsof ap-
plying thelinearlifting schemeto thedensityfield of a shocktube
solutionatagiventime. Thefigureonthetopleft showstheoriginal
datadefinedusing65points.Eachremainingfigurecorrespondsto
an applicationof the wavelet transformresultingin 33 points,17
points, and then 9 points. Of particularimportancein thesefig-
uresis thefactthatapplicationof thewavelet transformintroduces
oscillatorybehavior in thedata. Clearly, theseoscillationsareun-
acceptableif a featuredetectionalgorithmbasedon gradientsis to
be used.Further, partial reconstructionof thedatamay be in sig-
nificant error dueto theseoscillationsandthe compressionof the
otherwiserelatively smoothdatamaynotbeasefficient.
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Figure2: ThreeLevelsof LinearLifting for ShockTubeData

3 General Linear Filter

We now considera generallinear filter andusean equivalentde-
rived evolutionaryPDE to characterizeits behavior. We begin by
defininga discrete,scalarquantity ����� � on anequally-spacedmesh� ��� ��� �"! � � for ���$#�%'&(&(&(%�)+* with * beinga positive integer. We
seekamultiscaleapproximationto � ��� � ona secondequally-spaced
mesh,� �-, � � �.�/�"! � �0, � for �1�/#�%0&(&(&(%2* with ! � �-, ���3)+! � � ,
thatpreservescertaincharacteristicsof theoriginal scalarfield. We
denotethisapproximationas ���-, � � � .

Wenow considera generallinearfilter of theform

���-, � � � � 4�567'8 ,�9;: 7 ����� � � 4 7 (1)

where < and = arepositive integersandthe : 7 areconstantsthat
areindependentof thedata.The : 7 arecompositecoefficientsthat
representthecombinedeffectsof awavelettransformimplemented
asafilter. Thediscretemomentsof thefilter aregivenby

>@? � 4A567B8 ,C9ED ? : 7 & (2)

After thefilter is applied,thedatais subsampledto definethespace� �0, � � � .



3.1 Evolutionary PDE

We now assumethatevolution of thedatain thescalespacecanbe
thoughtof asa continuousprocessanddefine F to bethecontinu-
ousscalespacevariable. Throughapplicationof Taylor seriesex-
pansionsin spaceG ��H andthescalespaceG"F H , it canbeshown [20]
that, provided I 7 : 7 �KJ , the applicationof the linear filter de-
finedin (1) canbethoughtof astheevolution of thesolutionto the
partialdifferentialequationLNMLNO � > �QP@R'SP O LNML RUT ���V P@R0WSP OYX > �[Z > � ��\ L W ML R W

T �] V P@R0^SP O X > ] Z`_ > � > � T ) > ] � \ L ^ ML R ^
T � V P@R'aSP OYX >  Zcb > � > ] Z`_ > � T J-) > � � > � Z`d >  � \L a ML R a Tfe g P@R0hSP Oji

(3)

with theinitial datagivenastheoriginaldiscretedata� ��� � . Notethat
the evolution of the scalar � in (3) dependsexplicitly on the sam-
pling rate ! � � . Also, wearenot interestedin thelimiting behavior
as ! �lk # and ! F k # sincethefilter (1) is implementedonly
ondiscretedata,i.e., for finite valuesof ! � .

In this context, the behavior of the datain the spatialdomain
uponapplicationof thegeneralfilter (1) is equivalentto thebehav-
ior of the solutionof the evolutionaryPDE (3). This approachis
basedto themodifiedequationanalysis[21] usedin computational
fluid dynamics. An analysisof spatialfilters using Taylor series
expansionswasdescribedin [14] wherethefilter performancewas
describedin termsof spatialcriteriaby examiningthenon-zerodis-
cretemoments,i.e., the > ? in (2).

3.2 Frequency Response

Thefrequency responseor amplificationfactorof thefilter is given
by m

Gon H � 4�567'8 ,�9 : 7Np-q 7�r (4)

wherethe amplificationfactorrepresentsthe responsefor the fre-
quency n . The magnitudeof

m
Gon H measuresthe amplitudeof a

unit Fouriercoefficient uponapplicationof thefilter andthephase
of

m
Gon H measuresthe phaseshift that occursafter applicationof

thefilter.

3.3 TVD Constraints

The : 7 valuescan be restrictedby appealingto anotherconcept
from computationalfluid dynamics.In CFD simulations,greatef-
fort is expendedto ensurethatthenumericalschemenot introduce
artificial extremain thesolution.In modernCFDsimulations,non-
linear techniquestypically called “limiting” are usedwith some
successto achievehigher-ordertemporalandspatialaccuracy with-
out spuriousoscillations.Harten[8] andYee[23] have madesig-
nificantcontributionsto thisfield with theirwork onTotalVariation
Diminishing(TVD) algorithms.In aTVD algorithm,thetotalvari-
ationof thesolutiondoesnot increasewith time,orsut X � 5v4 � \jw sut Gx� 5 H (5)

where � 5 is thesolutionat thecurrenttime level, � 5y4 � is thesolu-
tion at thenext time level, andthe total variationof thesolutionis

givenby sut Gx� H � 4�z6 , z|{ � � 4 � Z � � { (6)

where � � 4 � and � � arespatiallyconsecutive valuesof thesolution.
By limiting thetotalvariationof thesolutionto belessthanor equal
to thevaluein theinitial data,spuriousoscillationsdo not develop
in the data. In vision literature, this condition is often achieved
throughtheimpositionof causalitycondition[16].

We now want to imposetheconditionthat the total variationof
the datanot increaseas we proceedfrom finer to coarserscales.
Further, let usnoticethatwe areactuallyjust interestedin thesub-
sampleddata ��� to beTVD. We will now describea necessaryand
sufficient conditionfor this to hold for any valuesof � � .

Let us first look at the specialcasewherethe )N* valuesof � �
on level } are of the form #~%�#�%0&(&(&(%2#�%0Jv%BJv%0&(&(&�%0J . Without loss of
generalitywecansupposethat : 7 � # for all D w # andfor all D �= T J . For largeenoughvaluesof * theintermediatevalues���� will
havetheform #�%�#~%0&�&(& #�% : 5 % : 5 T : 5 , �'% : 5 T : 5 , � T : 5 , � %'&(&(&(% : 5 T&(&(& T : � % : 5 T &(&(& T : � %B&�&(&(% : 5 T &(&(& T : � . (Herewesupposedthatweuse
anappropriatemethodof handlingthe boundarywhencomputing
theconvolution product,by which the input signal � � is paddedat
eachboundarywith valuesrepresentingtheaveragevaluesnearthat
boundary.) Thereforethesubsampleddata�2�0, � will haveeitherthe
form #�%2#~%'&(&(&�%2#~% : 5 % : 5 T : 5 , � T : 5 , � % : 5 T : 5 , � T : 5 , � T : 5 , ] T: 5 ,C %'&(&(&�% : 5 T &(&�& T : �0% : 5 T &(&(& T : �0%B&�&(&(% : 5 T &�&(& T : � , or theform#�%�#�%0&(&(&�%2#~% : 5 T : 5 , � % : 5 T : 5 , � T : 5 , � T : 5 , ] %'&(&�&(% : 5 T &(&(& T: �'% : 5 T &(&(& T : �0%'&(&(&(% : 5 T &(&(& T : � . Fromthis it follows thateithersut Gx���0, � H � 6 { : � 7 T : � 7 4 � { (7)

or s�t Gx� �0, � H � 6 { : � 7 , � T : � 7 { (8)

accordingto the parity of the index � such that ����� � ��# and� ��� � 4 � �KJ . Let us noticethat
sut Gx��� H �KJ . This implies that a

necessarycondition for
sut Gx� �0, � H w sut Gx� � H is that the coeffi-

cientsin Equation1 satisfythefollowing two inequalities6 { : � 7 T : � 7 4 � { w J (9)6 { : � 7 , � T : � 7 { w J
Wewill now prove thatthetwo inequalities(9) arealsoa sufficient
conditionfor

sut Gx���0, � H w s�t Gx��� H . Without lossof generalitywe
cansuppose����� 7 ��# for all D�� # . For somefixed level } and
values�2� let usdefine� by� 7 � � ��� 7 4 � Z � ��� 7 (10)

Also, let us consider a matrix � with components�u9�� q �: q , � 9�, � T : q , � 9�, � . Recallthat { � { � � < : � q I 9 { � 9�� q { , where{�{ � is theusual
� � operatornormIf (9) holds,thenwe have6 9 { �u9�� q { w J (11)

for any � , which impliesthat { � { � w J . In particular, it follows that{ ��� { � w { � { � { � { � w { � { � , so6 9 { 6 q � 9�� q � q { w
6 9 { � 9 { (12)

Wearenow goingto show thatthedesiredinequality
sut Gx� �0, � H wsut Gx�2� H is impliedby (12). Wehavesut Gx���-, � H � 6 9 { ������ � 9 4 � Z ������ � 9 { (13)



� 6 9 { 6 q : q ����� � 9 4 � 4 q Z
6
q : q ����� � 9 4 q {� 6 9 { 6 q : q Gx� ��� � 9 4 � 4 q Z � ��� � 9 4 q H {� 6 9 { 6 q : q G"� � 9 4 q 4 � T � � 9 4 q 4 � H {

Ontheotherhandaccordingto (12)we haves�t Gx��� H � 6 9 { �2��� 9 4 � Z ����� 9 { (14)

� 6 9 { �y9 {� 6 9 { 6 q ��9�� q � q {� 6 9 { 6 q G : q , � 9�, � T : q , � 9�, � H � q {
Let usalsonoticethat6
q : q G"� � 9 4 q 4 � T � � 9 4 q 4 � H �

6
q G : q , � 9�, � T : q , � 9., � H � q

(15)
Finally by putting(13),(14),and(15)togetherweget

sut Gx���0, � H wsut Gx�2� H . Thereforewe have provedthat(9) is a necessaryandsuf-
ficient conditionfor

sut Gx� �-, � H w sut Gx� � H . Let usalsonoticethat
in the specialcasewhen I : q �KJ , i.e. the coefficients : q area
partitionof unity, we canusetheinequalities6 { : � 7 T : � 7 4 � { � 6 : 7 (16)6 { : � 7 , � T : � 7 { � 6 : 7
to concludethatthecondition(9) is equivalentto having

: q T : q 4 � � # (17)

for all � . In otherwords,in thepartitionof unity case,a necessary
andsufficientconditionfor

sut Gx� �0, � H w s�t Gx� � H for any � � is that
for all negative : q the inequalities { : q { w : q , � and { : q { w : q 4 �hold.

3.4 The Lifting Scheme

Thelifting schemeis amethodof factoringwaveletfilters into basic
building blockscalledlifting steps,whichalsoallowsfor spatialdo-
mainwaveletdesign[19]. Eachlifting stepconsistsof threeparts:
split, predict,andupdate.This meansthat we first split the input
sequenceinto even andoddentries.Thenwe predictthe oddval-
uesbasedon theevenvaluesandreplacethemwith thedifferences
betweenactualvaluesandthe predictions. Thesevaluesthenbe-
comethedetailcoefficients.Theevenvaluesarethenupdatedusing
thesedetailcoefficientssoasto maintaincertainglobalproperties.
DaubechiesandSweldensalsoshowed that every FIR wavelet or
filter bank can be decomposedinto lifting steps[19]. Moreover,
lifting allows for an in-placeimplementationof thewavelet trans-
form andleadsto animprovementin efficiency whencomparedto
thestandardimplementation.

4 Feature Preservation

It is now appropriateto definewhatwe meanby featurepreserva-
tion. In this context, featurepreservation implies that the “loca-
tion”, “shape”,and“strength” of featuresareunchangedafter the

applicationof thegeneralfilter (1). Of course,differencesnaturally
occurdueto thechangein resolutionbetween� ��� � and � �-, � � � . We
now statetheseideasin moreconcreteterms.� The “location” of a featureis simply its positionwithin the

domain. As discussedin [20], odd orderderivative termsin
theevolutionaryPDE(3) correspondto aconvectionor trans-
lation of featuresin the domain. If the filter is symmetric,: 7 � : , 7 for all D , thecoefficientsmultiplying theconvec-
tive termsareidentically zeroandno translationof the data
occurs.� The “shape” of a featurecan be describedin terms of re-
gionsof monotonevariationin the data. For the “shape” to
be preserved, the linear filter shouldnot introducenew ex-
trema. This condition is expressedin [16] as the “causality
condition.” This conditioncanbe imposedby ensuringthat
thelineartransformis TotalVariationDiminishing(TVD) af-
ter thedatais subsampled,i.e. 17, : 7 T : 7 4 � � # for all Dprovided I 7 : 7 �|J .� The “strength” of a featurecanbe describedin termsof the
changesin the data. For the strengthto be preserved, the
linearfilter shouldnot accentuateor diminish local extrema.
This conditioncan be relatedto the frequency response(4)
of the filter. Our evolutionary PDE framework (3) charac-
terizeschangesin featurestrengthin termsof theevenorder
derivative termswhich representthe diffusive tendenciesof
thefilter.

5 Axioms

Having definedfeaturepreservation, we now enumeratea list of
filter designaxioms. We want to formulatea setof requirements
on thecoefficients : 7 thatcanguidethedesignof a wavelet trans-
form associatedwith the coefficients : 7 in additionto preserving
features.Wedefinetherestrictedtransferoperator

s
asfollows: if

thelengthof theconvolutionproductof thesequenceof coefficients: 7 with itself is * , then
s

is the G * Z ) H�� G * Z ) H matrixobtained
from doubleshiftsof this convolution product,times2 (see [17]).
Let usimposethefollowing requirementson thecoefficients : 7 :G�� J H 6 7 : 7 �|JG�� ) H 6 7 G Z J H 7 D � : 7 � #�% for } � #�%BJv%0&(&(&�% � Z Jv% andsome

� � JG�� _ H therestrictedtransferoperator
s

hasoneeigenvalue� �|J , andall othereigenvalueshave { � { � JG�� b H : 7 T : 7 4 � � # for all DG���� H : 7 � : , 7 for all DG�� d H if : , 5 is thefirst nonzerocoefficient, thenthe

polynomials: , 5 T : , 5y4 �B� T : , 5y4  � � T &(&(& and

: , 5y4 � T : , 5v4 ] � T : , 5y4A� � � T &(&�& arerelatively

prime.G���� H betweenall filters with thedesiredproperties,thefilter

givenby thecoefficients : 7 minimizesthe
� �

distance

to the �'��=A� filter.

Axioms G�� J H , G�� b H , and G���� H arerelatedto the featurepreserva-
tion propertiesof thefilter. Axiom G�� ) H dictatestheperformance
of thefrequency responseat n � � . Axioms G�� _ H and G�� d H ensure



that theproposedfilter is the low passfilter of a wavelet transform
which� canbeimplementedasa seriesof lifting steps.Axiom G���� H
minimizesblurring andaliasing. It shouldbe notedthat the coef-
ficients for the �'��=�� filter do not satisfy the TVD constraint(17).
Thus, any filter designstrategy will seeka compromisebetween
theidealfrequency behavior andthefeaturepreservationproperties
of TVD filters.

Theorem. Requirements(R1)-(R7)arenecessaryandsufficient
conditionsfor thefollowingpropertiesto hold:G : H (Convergenceof thecascadealgorithm,see[17])

Theiteration �@� q 4 ��� Go� H � I 7 ) : 7 �@� q � G ) � Z D H , where�@�(  � is a boxfunction,convergesin
� �

.G"¡ H (Accuracyof approximationof order p)

Theerror estimatefor a function ¢�Go� H of class £.¤ at

scale ! � �$) ,¥� is of theform £�G ! � H ¤ { ¢ � ¤ � Go� H { .G"� H (Total variationdiminishingfromfiner to coarserscales)sut Gx� �0, � H w sut Gx� � H &G"¦ H (Zero phaseshift fromfiner to coarserscale)

In theevolutionaryPDE(3), all coefficientsmultiplying

evenorderderivativesare zero.G p H (Lifting schemeimplementation,see[19])

There existscomplementaryhigh-passfilter, andthe

associatedwavelettransformadmitsin-place

implementationusingthelifting scheme.Gx¢ H (Average grey level invariance)

Theaverage of thedatais unchangedwhenpassingfrom

finer to coarserscales.Go§ H (Preservationof low frequencies)

Themomentof order 0 is 1, andthemomentof order 1

is 0.G�¨ H (Optimality)

Betweenall filters with thedesiredproperties,thefilter

givenby thecoefficients: 7 minimizesthe
� �

distance

in thefrequencydomainto theidealbrick wall filter.

PropertiesG : H Z G�¨ H arerelatedto G�� J H Z G���� H as follows: G : His equivalent to G�� _ H , G"¡ H is equivalent to G�� ) H , G"� H is implied byG�� J H and G�� b H , G"¦ H is implied by G���� H , G p H is equivalentto G�� d H ,Gx¢ H is equivalent to G�� J H , Go§ H is implied by G�� J H and G���� H , andG�¨ H is equivalentto G���� H .
6 Filter Design

Wenow usetheframework developedin theprevioussectionstode-
sign feature-centricfilters. For a symmetricfilter with coefficients: 7 thefrequency response(4) takestheform:m

Gon H � :   T ) 6 7N© � : 7 ��ªy�yG D n H (18)

Then all derivatives of

m
of odd order vanishat zero and at � .

Thereforeit is enoughfor

m
Gon H to have, for example,the second

derivative at � equalto zero, and then its first, secondand third
derivativesat � arezero.

Let usexaminethethesymmetricTVD filters with two zerosat� that,for a givenlength * , areclosestin
� �

to theideal low pass

filter. To computethem,we considerthesquareof thenormof the
differencebetweenour filter andthe ideal low passfilter, subject
to the TVD inequalities,and to the two linear identitiesgiven byG�� J H and G�� ) H . Thenwe have to minimizea quadraticfunctionof:   %'&(&(&(% : 5 subjectto somelinearinequalitiesandidentities.Wecan
replacetheTVD inequalitieswith positivity requirementsby using
thefollowing linearsubstitution:

: 5 � ¡ 5 (19)

: 5 , � � ¡ 5 , � Z ¡ 5
: 5 , � � ¡ 5 , � Z ¡ 5 , � T ¡ 5&'&'&
:   � ¡   Z ¡ � T ¡ � Z &(&�& G Z J H 5 ¡ 5

This allows us to reducethe problemto minimizing a quadratic
function subjectto somelinear identitieson the positive domain.
Moreover, we canrestrict the domainfurther to the cube « #�%0J�¬ �« #�%'J�¬ � &�&(& � « #�%0J�¬ , whenwe noticethattheTVD conditionsimply
that ¡ 7 w J for any D . This allows us to usea recursive procedure
to computetheexactvaluesof thesolutions.We list the resulting: 7 ’s just for D � # , becausefor D|� # they aredeterminedby
symmetry:


coeff value

3 ®0¯ 1/2®N° 1/4
5 ®0¯ 1/2® ° 1/4® W 0
7 ®0¯ 1/2®N° 1/4® W 0® ^ 0
9 ® ¯ ±³²0´�µ�¶;´�·B¸x¹BºB·�µ® ° ±³º�ºBµ1»E´2·B¸x¹0´�¼B¼Bµ® W ±o´2·½¶¾º�µ~¸�¹'´�¼B¼Bµ® ^ ¶�±o´2·½¶¾º�µ�¸x¹0´�¼B¼Bµ® a ±o´2·½¶¾º�µ~¸�¹'´�¼B¼Bµ
11 ®0¯ ±³ºB¿�ÀBµ�¶�²B²�¼B¸x¹B·BÁ2Â'µ®N° ±o´�·BÀBµ1»;·�ÂBÃB¸x¹0´�ºBÃ�ÂBµ® W ±o´B´�²�¶Ä´2À�µ�¸x¹0´�ºBÃ2Â'µ® ^ ¶�±o´B´�²�¶Ä´2ÀBµ~¸x¹0´�ºBÃ�ÂBµ® a ±o´B´�²�¶Ä´2À�µ�¸x¹0´�ºBÃ2Â'µ® h ±"´�·BÀ�µj¶U¼'Á�·B¸x¹0´2º�Ã�ÂBµ

We cannoticethat all theseoptimal filters areactuallyvery close
to (1/4, 1/2, 1/4), even if we allow a large numberof taps. Also,
we observed thatwhenthenumberof taps * is larger than11 the
solutionremainsthesameasin thecase*Å�YJ+J .

Let us look now at symmetricTVD filters with four zerosat �
thatarealsoclosestto theideallow passfilter. Again,weminimize
thequadraticfunctiongivenby thesquareof thenormof thediffer-
encebetweenour filter andthe ideal low passfilter, subjectto the
TVD inequalities,andto threelinear identities,onegivenby G�� J H
andtwo givenby G�� ) H . Weget:




coeff value

5 ® ¯ 3/8® ° 1/4® W 1/16
7 ®0¯ 3/8®N° 1/4® W 1/16® ^ 0
9 ® ¯ ´2ºB¹B²BÃ® ° ²�Á'¹0´�´2²® W ´�¹'´B´2²® ^ ¶Æ´�¹0´�´2²® a ´�¹'´B´2²
11 ®0¯ ±�¶@²�ÃBÃ�»E´�Â'¿BÀ�µ~¸�¹�²B²Bº2Â'µ®N° ±�¶Æ´2ÁB²�»EÁ�²B·�ÀBµ~¸x¹BºBÀ�·BÃ�ÂBµ® W ±³À�µ.»;º�·B¸x¹0´B´�´2À�µ® ^ ¶�±³ÀBµ1»;ºB·�¸x¹0´B´�´2ÀBµ® a ±³À�µ.»;º�·B¸x¹0´B´�´2À�µ® h ±o´2º2¼B¼�¶Ä´2Ã�ÀBµ~¸x¹BºBÀ�·BÃ2Â'µ

We cannoticethat,aswe increasethenumberof taps,thesolution
approachesa valuewhich is very closeto thevaluein theprevious
table.

If wetry to increaseboththenumberof zerosat0 andthenumber
of zerosat � while imposingtheTVD inequalities,we will notice
that thereareno nontrivial solutions. For example,if the second
derivative of

m
Gon H hastheproperty

muÇ Ç
G # H �

muÇ Ç
G � H � # , thenwe

get: : � T b : � TÉÈ : ] T J d :  T ) � : � T &�&(&� : � Zlb : � TÉÈ : ] Z J d :  T ) � : � Z &(&�&¥� #Fromthiswe concludethat:

: � TÊÈ : ] T ) � : � T &(&(&�� b : � T J d :  T _vd :�Ë T &(&�&��Ì#�%
andthenG : � T : � H T _ G : � T : ] H T d G : ] T :  H T J0# G :  T : � H T &�&(&��Ì#
which togetherwith theTVD inequalitiesimpliesthat

: � T : � � : � T : ] � : ] T :  � :  T : � �Y&(&(&��Í#
andthis togetherwith thefilter beingFIR implies that : 7 �Î# for
all D � J . Thesameholdsif wereplacethesecondderivativeabove
with any otherevenorderderivative of

m
Gon H .

Wecanalsolook atsymmetricTVD filters whichhave themax-
imumnumber� of zerosat � . For any * we solve a systemof lin-
earinequalitiesgivenby theTVD conditions,andidentitiesgiven
by theequationsG�� ) H for themaximum� for whichasolutionstill
exists.Weget:  Ï

coeff value

3 2 ® ¯ 1/2® ° 1/4
5 4 ®0¯ 3/8®N° 1/4® W 1/16
7 6 ® ¯ 5/16® ° 15/64® W 3/32® ^ 1/64
9 8 ®0¯ ºBÀ'¹'´2²BÃ®N° ¿'¹�ºB²® W ¿'¹�·�¼® ^ ´�¹�ºB²® a ´2¹B²BÀ�·
11 10 ®0¯ ·Bº'¹�²BÀB·®N° ´�ÂBÀ'¹BÀ'´2²® W ´2À'¹'´2²BÃ® ^ ¼'ÀB¹0´�ÂB²�¼® a ÀB¹BÀ0´�²® h ´�¹0´�Â'²�¼

Thefilters above aretheTVD filters thatgive thesmallestorder
errorestimatefor smoothdata,while alsopreservinglow frequen-
cies,andannihilatinghigh frequencies.

7 Results

Let us describea completefilter bank associatedto the symmet-
ric TVD filter ¨ � G J-Ð b %-J-Ð+)~%0J-Ð b H . Accordingto [19] thereex-
ist many complementaryhigh passfilters associatedto a given
low passfilter. Let us look for a symmetricone. It is easyto
check that the best we can do with a two-step lifting is § �G Z J-ÐNÑ�% Z J0Ð b % _ Ð b % Z J-Ð b % Z J-ÐNÑ�%2#�%2# H . It is notpossiblefor § to be
symmetric,but the oneabove haslinearphase,andis the shortest
complementaryfilter with theseproperties.Thefilters ¨ and § form
the analysishalf of the filter bank. To get a biorthogonalwavelet
transformthe associatedsynthesisfilters will have to be ¨CÒ �G Z J-ÐNÑ�%0J0Ð b % _ Ð+Ñ~%0J-Ð b % Z J-Ð+Ñ H % and§QÒ � G #~%2#�% Z J0Ð b %0J-Ðv)¥% Z J-Ð b H .
This is the dual of the biorthogonalCohen-Daubechies-Feauveau
(5,3) wavelet system(we thankDr JamesFowler for pointing out
this relationshipto us).

Figure3 shows thesamesequenceof imagesshown in Figure2
usingtheTVD filter. Unlike Figure2, the initially monotonedata
remainsmonotone.Although the dissipative natureof the filter is
evidentfrom somesmearing(blurring) of thefeatures,thedissipa-
tion of the filter is not too severe. Higher-order filters may well
providesomeimprovementin this regard.

Let us look at what happenswhenwe useTVD andnon-TVD
wavelet transformsto compresstwo dimensionaldata. The com-
pressedimagesin Figure5 andFigure6 areobtainedfrom thesame
shockwave imagein Figure4. The imagein Figure5 wascom-
pressedusing the wavelet transformassociatedto the symmetric
TVD filter (1/4,1/2,1/4),while the imagesin Figure6 werecom-
pressedusingthecubicwavelet,which is not TVD (see[20]). We
noticethatall theimagescompressedusingthecubicwavelethave
strongartifactsdueto thesharpvariationneardiscontinuities.

Let us also look at a threedimensionaldataset. In Figure 7
we have anexplosiondataset,andwe againapplyTVD andcubic
wavelet transforms.The result is that in the imageobtainedfrom
thenon-TVDwavelettransformbrightnessis significantlyreduced,
sincethesurfaceof thetransformedbodylosesits smoothness.

8 Conclusions

In thispaperwedefineda framework for theanalysisanddesignof
multiscalefilters througha variationalcharacterizationanda mul-
tiscalePDE formulation. Includedin this framework area setof
axiomsthatcanbeusedto designfilters thatpreserve certainchar-
acteristicsof thedata—namelytheposition,shape,andstrengthof
features.

We suggestthat themethodsproposedherecanbeusedin con-
junctionwith frequency-basedmethodsto designmultiscalelinear
wavelet filters. We plan to utilize thesetechniquesto develop ad-
vancedwaveletswith feature-preservingqualities.
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Figure3: ThreeLevelsof TVD Lifting for ShockTubeData

Figure4: Original 2dshockimage
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(a) Originalexplosionimage

(b) 3D wavelettransformusingTVD wavelet

(c) 3D wavelettransformusingcubicwavelet

Figure7: TVD versusnon-TVD in 3D case


